This work deals with the presence of defect structures in models described by real scalar field in a diversity of scenarios. The defect structures which we consider are static solutions of the equations of motion which depend on a single spatial dimension. We search for different models, which support the same defect solution, with the very same energy density. We work in flat spacetime, where we introduce and investigate a new class of models. We also work in curved spacetime, within the braneworld context, with a single extra dimension of infinite extent, and there we show how the brane is formed from the static field configuration.
I. INTRODUCTION
Topological structures appear in several areas of nonlinear science. In high energy physics, the most known topological structures are kinks, vortices and monopoles. Kinks are the simplest structures, and they appear in one spatial dimension, in the presence of a single real scalar field. Vortices and monopoles are more involved, and they usually appear in two and three spatial dimensions, in the presence of complex scalar fields coupled to Abelian and non Abelian gauge fields, respectively [1, 2] .
In the present work we focus our attention on kinks in relativistic systems described by real scalar field. The subject has been investigated in a diversity of contexts, but here we bring novelties related to the issue recently studied by Andrews, Lewandowski, Trodden and Wesley (ALTW) in Ref. [3] , concerning the presence of twin models, that is, of distinct models which support the very same topological structure. To make the investigation more general, however, we will consider models engendering topological or kinklike and nontopological or lumplike structures.
Relativistic models described by scalar fields have been studied in a diversity of scenarios. Here we quote some works dealing with junctions of kinklike structures [4] [5] [6] [7] [8] , the deformation procedure which lead us to new models and the respective kinklike solutions [9, 10] , the presence of vortons [11] and other new models and solutions [12] [13] [14] [15] [16] [17] . Also, from the experimental point of view, new and interesting kinklike solutions have been found recently in systems constrained to work within small regions, at the nanometer scale [18, 19] .
Motivated by cosmology, another direction of study concerns models where kinematic modifications of the scalar field are introduced, attempting to contribute to explain the present accelerated expansion of the Universe [20] [21] [22] [23] . Recent investigations of scalar fields with modified kinematics have been presented in [24] [25] [26] [27] [28] [29] [30] with distinct motivations, in particular to search for the presence of compacton, that is, of topological structures which live in a compact region, and for applications in the braneworld context, within the five dimensional spacetime engendering a single extra dimension of infinite extent [31] [32] [33] .
In the study of models with modified kinematics, in [3] the authors noted that it is possible for k-defects to masquerade as canonical scalar field solutions. That is, given a standard scalar field model described by the field φ, with canonical kinetic term and potential V (φ) in the usual form, the topological defect profile φ(x) and corresponding energy density ρ(x) can also appear in a kdefect theory. We call the modified or k-defect theory introduced in [3] , the ALTW model. And we recall that, despite having identical defect solutions, the two theories are not reparametrizations of each other, since the fluctuation spectra about the kink are different. In the current work, we call the two distinct models twinlike theories, because they support the very same defect structures, engendering the very same energy density.
In this work we further investigate this issue, considering as twinlike theories the standard model and the ALTW model introduced in [3] . We deal with the defect solutions, and we compare the two models in the case where the static solutions are more general. We do this studying solutions of the equations of motion in the (φ, φ ′ ) plane, where prime stands for spatial derivative of the field, φ ′ = dφ/dx, with φ(x) describing static solution. Also, we extend the results to the case of nontopological or bell-shape solutions, which are of direct interest to tachyon condensation in string theory [34] [35] [36] [37] , and to cosmology [38] .
We take advantage of the formalism introduced in Ref. [29] , from which it is possible to get to first-order differential equation that solves the equation of motion for defect solutions of a general scalar field model. We use this to verify if the issue is specific of the two models introduced in [3] . In the process, we further ask for other models, with the answer offering a new class of twinlike models. We also study the issue in curved spacetime, coupling the scalar field with gravity within the braneworld context, with a single extra dimension of spatial nature and infinite extent.
To ease understanding of the subject, we organize the work as follows: In the next Sec. II we explore the standard and the ALTW models, and we comment on some specific properties the two models engender. In Sec. III we investigate two distinct ways to distinguish twinlike models. In Sec. IV we generalize the investigation to another class of twinlike models, and in Sec. V we deal with twinlike models in the braneworld context. We end the work in Sec. VI, where we include comments and conclusions.
II. THE MODELS
Let us now focus attention on the standard and modified models. We first consider the standard model, and then we deal with the modified model. We also comment on some specific properties the two models engender.
A. Standard model
The standard model is described by the Lagrange density
where
and V (φ) is the potential. The equation of motion has the form
where V φ stands for the derivative of the potential with respect to the field φ, that is, V φ = dV /dφ. The energymomentum tensor has the form
Here we work in (1, 1) space-time dimensions, with the metric obeying diag η µν = (1, −1). The equation of motion for static solution becomes
where φ ′ = dφ/dx, etc. And the energy-momentum tensor reduces to
which is the energy density, and
As an example, we consider the potential with quartic self-interaction, in the form
taking the field and coordinates as dimensionless quantities. This model is well known, and it has the minimā φ ± = ±1. Also, it supports the defect solutions
wherex stands for the center of the defect, which we take to be at the origin in the x-axis, that is,x = 0. The two minimaφ ± define a topological sector, and the above solutions are topological or kinklike defects.
We can consider another model, with potential
This is the sine-Gordon model, and typical solutions are
We can use another potential, with cubic selfinteraction, in the form
This model has a single, local minimum, atφ = 0, and it supports the defect solution
This solution describes a nontopological or lumplike defect. Note that (12) has a partner potential, with the factor (1 − φ) changed to (1 + φ); the partner model supports the non-topological defect φ(x) = −sech 2 (x). Another model is described by the potential
It is an inverted φ 4 model, and it has a local minimum at φ = 0; it supports the nontopological or lumplike defects
B. The ALTW model
Let us now turn our attention to the modified model which was considered in Ref. [3] . It is described by the Lagrange density
.
Since the energy-momentum tensor is conserved, for static field we get that T 11 has to be a constant, which leads us to Eq. (22) . On the other hand, the energy density T 00 = ρ(x) has the form
or
In Ref. [25] one shows that a necessary condition to have stable kinklike solutions is to set C = 0. In this case, the equation (23) becomes
and the energy density gets to the form
C. Some specific properties
Let us now follow [3] and consider the standard model, with the specific potential
where U (φ) is the potential for the modified model. We note in the standard model with the above potential, the equation of motion is given by
and the energy-momentum tensor has the form
In the case of a static solution, we get
and
However, from (29) we can write
Since the energy-momentum is conserved, for static solution we can write T 11 = C, and this leads us to the equation
and for C = 0 one gets to
We see that solutions of the above first-order equation solve the equation of motion (30) . Thus, we reproduce the result of Ref. [3] , showing that the modified model (16) and the model (27) give the same defect structure. Moreover, using (34) in (31) we reproduce (26) , and so the defect has the very same energy density, as also stated in Ref. [3] .
The above result requires that we make T 11 = 0. In the more general case, we can use T 11 = C, and this makes the two models different. Therefore, a nice way to distinguish between the two theories is simply to investigate the solutions taking T 11 = C, as a constant but nonvanishing quantity. We explore this fact in the next Sec. IV.
We now take advantage of the result firstly presented in Ref. [29] , from which one can write a first-order framework for defect solutions of a general scalar field model. The approach concerns introducing the function W (φ), such that
for some generic Lagrange density L. In the case of the standard Lagrange density, we have L sX = 1, and this leads to the equation
such that
This is the first-order framework one usually gets for scalar field with standard dynamics. However, the very same framework can be used to study the modified model. In this case, taking L mX φ ′ = W φ leads to the equation
To make this equation compatible with (23) for C = 0, we have to write
An important point in the above procedure is that the energy density, which can be written as ρ(x) = φ ′2 , leads us to the nice result
It is a total derivative, so the energy follows easily, in the form
A nice information follows when one expands (39) for small 1/M 2 ; up to the lowest order we get
On the other hand, from (27), the limit 1/M 2 → 0 leads us to V (φ) = U (φ). Thus, we have the same W = W (φ) controlling both the standard and modified models, although V (φ) and U (φ) are different functions of the real scalar field.
III. DISTINGUISHING TWIN THEORIES
Let us now focus on the issue of distinguishing the standard and modified models. In [3] , the authors showed that the study of linear stability of the defect structure is able to distinguish the two models. Since linear stability is important for introducing quantum corrections at the one-loop level, we can say that the quantum effects distinguish the two models. More than that, we have already shown that there is another way to distinguish the two models, if one deals with a constant but non vanishing T 11 = 0. Thus, below we investigate the two possibilities, of using a constant but nozero T 11 , and of studying linear stability. However, since linear stability was already investigated in [3] , here we depart from [3] and follow an alternative way to investigate linear stability.
A. Nonzero T
11
Let us firstly consider the case of a non vanishing T 11 . In this case, the equation of motion for the standard and modified models are, respectively,
We take as an explicit example, the model described by
Note that for the standard model, the potential V (φ) leads to the φ 4 model, with spontaneous symmetry breaking; see Eq. (8) . With this choice, the first order equations (42a) and (42b) become
for the standard and modified models, respectively. We plot in Fig. 1 the solutions in the (φ, φ ′ ) plane, for C > 0, C = 0, and C < 0, with dashed (red), solid (black) and dotted (blue) lines, respectively. Here we note that only the black curves, which correspond to kink and antikink, are identical in both plots. We note that the two phase diagrams tend to become the same as 1/M 2 becomes greater and greater. The solid (black) curves correspond to the topological kink and antikink configurations
We can investigate another model, with W φ = cos(φ). In the case of the standard Lagrange density, this corresponds to the sine-Gordon model. Here the equations of motion become
These equations are investigated in Fig. 2 , and there we show how the solutions behave for two distinct values of 1/M 2 . We note that, in terms of 1/M 2 , the models behave in a way similar to the previous case.
We can also investigate models that support nontopological configurations. In this case we follow [39] and we choose
The standard model is known as the φ 3 model. Here we get to the equations
These equations are investigated in Fig. 3 , and there we see how the two models behave for a single value of M 2 . In terms of 1/M 2 , the two models also behave in a way similar to the two previous cases. Fig. 1 .
B. Linear Stability
Another way to distinguish the twin models is investigating linear stability, as done in Ref. [3] . Here, however, we follow another route. We introduce general fluctuations for the scalar field, φ(x, t) = φ(x) + η(x) cos(ω t), where φ(x) represents the static solution. For a general Lagrange density, we use the fluctuations in the equation of motion to obtain up to first order in η,
(51) We first suppose that the solution is constant and represents a minimum v of the potential, that is, φ = v. It obeys W φ (v) = 0, and so we get
which is valid for both the standard and modified models. Therefore, linear stability at the minimum state v does not distinguish the two models. On the other hand, for static solution φ = φ(x), it is possible to distinguish the two twin theories. In the standard theory, we have the following equation for the fluctuation
is the potential of the Schrödingerlike equation (53). However, in the modified ALTW model, the equation which controls stability is much more complicated. Indeed, it has the general form
We see that this last equation is different from the previous one. However, instead of following the investigation done in [3] , here we introduce new variables, following the procedure introduced in Ref. [29] . We change x → z and η → u using the expressions
which allow writing the Schorödingerlike equation
It is hard to write an analytical expression x = x(z), for M generic. However, we can consider the case where M 2 is very large, in order to obtain analytical results in a perturbative way. In this case we can write, up to the order 1/M 2 ,
with the choice W (φ(0)) = 0. Moreover, we note that a generic function of the scalar field φ, F (φ(x)), can be expressed in the form, up to the order 1/M 2 ,
and so the potential can be written in the form
where U s q (z) stands for the the potential of the standard model. In the case of W φ = 1 − φ 2 , we get
In the general case, we have to rely on numerical integration to obtain x = x(z). In Fig. 4 we depict the behavior of x = x(z) for some values of 1/M 2 , taking W φ = 1 − φ 2 in (56). Note that in the region out of the core of the defect, φ approaches the minima and W φ is small, and we can approximate z ≈ x + c where c is a constant, and u ≈ η. In the general case, the full expression of the potential is given by
We use this expression to depict the potential in Fig. 5 in the case of W φ = 1 − φ 2 , for some values of 1/M 2 . In the figure, we see that the potential starts as the modified Pösch-Teller potential, and approximates the case of a box, for increasing 1/M 2 . We note that although the depth of the box does not depend on M , its width increases as 1/M 2 increases, adding more and more bound states into the box. Similar result was also obtained in Ref. [3] . In the general case, we can numerically count the number of bound states as 1/M 2 increases. The result is depicted in Fig. 6 , where the dots indicate the value of 1/M 2 for which the number of bound states jumps to the next one.
IV. OTHER TWINLIKE MODELS
Let us now focus on the issue of obtaining other twinlike models. Toward this goal, we consider a more general Lagrange density, given by [26] We note that the case n = 1 leads us back to the standard model. For other values of n, we are changing kinematics, and this is of interest in cosmology [20] [21] [22] [23] and also in the context of compactons, that is, of defect structures which lives in a compact region within the real line [24] [25] [26] . We use the more general model (64) to write
We now follow the procedure introduced in [29] and for static solution we get
with the energy density given by
We suppose that the twin theory has the following form
where M is the mass parameter, as before, and F (X) and G(φ) are functions to be determined. For static solutions, we can write
Using both (66) and (69), and considering that the solution φ(x) and W are the same for both theories, we get to the following differential equation
which can be integrated to give
Therefore, the twinlike theory is given by
The function G(φ) in (69b) can be written as
and the Lagrange density gets to the form
(74) We can use (39) to rewrite the above result in terms of U (φ). It has the form
Here we note that the above expression exactly reproduces the ALTW model described by (16) , in the limit n → 1. We also note that the energy density is also given by (67), so it behaves as in the standard model, as expected.
We can investigate the case in which 1/M 2 is very small. Here we get, up to the order 1/M 2 ,
Thus, the twinlike model (74) reproduces the model (64) in the limit 1/M 2 → 0. This is similar to the previous case, so we can say that the two models (64) and (74) are twinlike models, and they are generalizations of the previous models, described by (1) and (16) . It is interesting to remark that the above result was obtained within the first-order framework put forward in Ref. [29] .
V. THE BRANEWORLD SCENARIO
The defect structure which appears in scalar field theory can be used to mimic thick brane in the braneworld scenario with warped geometry and a single extra dimension of infinite extent [31] [32] [33] . In this sense, we can ask how the twinlike models studied before can be used to mimic similar scenario within the braneworld context, in the form of a twinlike configuration.
To investigate this issue, we follow [30] and we consider a five-dimensional action describing gravity coupled to the scalar field in the form
where we are using 4πG = 1 and
with M, N = 0, 1, 2, 3, 4, running on the five-dimensional spacetime. The equation of motion which we obtain for the scalar field in this new scenario is given by
where G AB has the form
The energy-momentum tensor becomes
The line element of the five-dimensional spacetime can be written as ds 2 = e 2A η µν dx µ dx ν − dy 2 , where A is used to describe the warp factor. We suppose that both A and φ are static, such that they only depend on the extra dimension y, that is, A = A(y) and φ = φ(y). In this case, the equation of motion (79) reduces to
where prime now denotes derivative with respect to the extra dimension. Also, we are using that L X = ∂L/∂X and L φ = ∂L/∂φ, etc.
We now focus attention on Einstein equations, which lead us to the equations
where X = −φ ′2 /2 for static configuration, as before. If we use (82), we can write
To get to the first-order framework, we suppose that
In this case, the equations (83a) and (83b) leads us to, respectively,
In the case of a standard scalar field, the Lagrange density has the form (1), and so the equation of motion (82) becomes
After substituting this result in (86a) and (86b), we get to the following first-order equation
and the potential
Note that the equations (85) and (88) solve equation (87) for the potential (89). Note also that the energy density is given by
We have extended the idea of obtaining twinlike models to a new class of field theory models. This is interesting since it shows that the presence of twinlike models is not specific of the pair of models presented in [3] . In this sense, the presence of twinlike models seems to deserve further investigation, since it may be a generic situation in Field Theory.
Another line of investigation concerns the presence of twinlike models within the braneworld context [31] . As one knows, scalar fields can be used to generate thick branes [32, 33] , and so we have extended the idea of twinlike models to the braneworld scenario. The investigation led us to the twinlike braneworld concept, in which a brane can be generated from two distinct models of real scalar fields, coupled to gravity in (4, 1) dimensions, with a single extra dimension of spacelike nature and infinite extent.
The existence of twinlike models poses an interesting issue, concerning the coupling of scalar fields with fermions, which is usually of the Yukawa type. In this case, one knows that fermions may fractionalize in the presence of topological defect [40] , like the ones we have studied in this work. In this sense, although one can construct two distinct scalar field models to couple to the fermion field, if the two scalar field models are twinlike models, the defect structure they may engender will induce the very same quantum corrections to the fermions, at least at the lowest quantum level. Thus, in the presence of fermions, it seems that we need to go beyond the first quantum corrections, in order for the fermions to distinguish the two models. Another issue refers to the coupling with gauge fields, to study the presence of twinlike models for vortices and monopoles. These and other related issues are presently under consideration, and we hope to report on them in the near future.
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